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A REMARK ON THE TRIGONOMETRIC SYSTEM
ALEXANDER KUSHPEL
Abstract. We present a new property of the trigonometric system arranged
in a natural order. It is shown that the sequence of subspaces of trigonometric
polynomials Tn is optimal in the sense of order of convergence on convolution
classes K ∗ Up in Lq for any 1 < p, q < ∞ just in the cases of ”very slow” or
”very fast” rate of decay of Fourier coefficients of K.
1. Introduction
Let X be a Banach space and A a convex, compact, centrally symmetric subset
of X . The Kolmogorov n-width of A in X is defined by
dn (A,X) := inf
Xn⊂X
sup
f∈A
inf
g∈Xn
‖f − g‖X ,
where Xn runs over all subspaces of X of dimension ≤ n. Let T
1 be the unit circle
with the Lebesgue measure dx. The space of p-integrable functions φ, i.e. such
that ‖φ‖p <∞ is denoted by Lp
(
T
1
)
≡ Lp, where
‖φ‖p :=
(∫
T1
|φ (x)|
p
dx
)1/p
, 1 ≤ p <∞.
Consider the sequence of subspaces Tn of trigonometric polynomials with the usual
order,
T0 := lin {1} , · · ·, Tn := lin {1, cos kx, sin kx, 1 ≤ k ≤ n} , · · ·.
Let φ ∈ Lp with the formal Fourier series
φ ∼
∞∑
k=1
ak (φ) cos kx+ bk (φ) sinkx.
A wide range of sets of smooth functions on T1 can be introduced using multipliers
Λ := {λk, k ∈ N} (see, e.g. [6]). We say that f ∈ ΛβUp, β ∈ R if
f ∼
∞∑
k=1
λk
(
ak (φ) cos
(
kx−
βpi
2
)
+ bk (φ) sin
(
kx−
βpi
2
))
,
where φ ∈ Up :=
{
φ
∣∣∣‖φ‖p ≤ 1} . If there exists a function K ∈ L1,
K ∼
∞∑
k=1
λk cos
(
kx−
βpi
2
)
,
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then the set ΛβUp can be represented in the convolution form
f (x) =
1
2pi
∫
T1
K (x− y)φ (y) dy.
In this case we say that f ∈ K ∗Up. If K /∈ L1 then we should consider generalised
convolutions. In particular, if λk = k
−r, β = r, r > 0 we get Sobolev’s classes
W rp . If λk = exp (−µk
r) , β = 0, µ > 0, 0 < r < 1, then the class K ∗ Up consists
of infinitely differentiable functions. In the case λk = exp (−µk
r) , β = 0, µ > 0,
r = 1 (r > 1) we get classes of analytic (entire) functions respectively.
Let λk = k
−r, β = r. It is well-known that in this case (”finite smoothness”, i.e.
r > 1/p if 1 < p ≤ 2 ≤ q <∞, or 2 ≤ p ≤ q <∞)
dn
(
W rp , Lq
)
≍


n−r, r > 0, 1 < q < p <∞,
n−r+1/p−1/q, r > 1/p− 1/q, 1 < p ≤ q ≤ 2,
n−r+1/p−1/2, r > 1/p, 1 < p ≤ 2 ≤ q <∞,
n−r, r > 1/p, 2 ≤ p ≤ q <∞,
as n→∞. It is easy to show that
En
(
W rp , Lq
)
:= sup
f∈W r
p
inf
g∈Tn
‖f − g‖Lq ≍ n
−r+(1/p+1/q)
+ , r > 1/p− 1/q,
where (a)+ := max {a, 0}. Hence the sequence of trigonometric polynomials Tn is
optimal if r > 1/p− 1/q, 1 < p ≤ q ≤ 2, or r > 0, 1 < q < p <∞. In the remaining
cases, r > 1/p, 1 < p ≤ 2 ≤ q <∞, r > 1/p, 2 ≤ p ≤ q <∞, Tn is not optimal. If
1/p− 1/q < r < 1/p then we have the case of so-called ”small smoothness”,
dn
(
W rp , Lq
)
≍ nγ , 1/p− 1/q < r < 1/p, r 6= β, 2 ≤ p ≤ q <∞,
where
γ = max {−r, q (−r + 1/p− 1/q) /2}
and
β =
1/p− 1/q
2 (1/2− 1/q)
.
In the case
1/p− 1/q < r < 1/p, 1 < p < 2 < q <∞
we have
dn
(
W rp , Lq
)
≍ nq(−r+1/p−1/q)/2.
This means that the sequence of subspaces Tn is not optimal in this case. If λk =
exp (−µkr) , β = 0, µ > 0, 0 < r < 1, then
d2n
(
W rp , Lq
)
≍


exp (−µnr)n(1−r)(1/p−1/q), 1 < p ≤ q ≤ 2,
exp (−µnr) , 1 < q ≤ p ≤ 2 or 2 ≤ p, q <∞,
exp (−µnr)n(1−r)(1/p−1/2) 1 < p ≤ 2 ≤ q <∞.
It is easy to show that
E2n (K ∗ Up, Lq) := sup
f∈K∗Up
inf
g∈Tn
‖f − g‖Lq
≍ exp (−µnr)n(1−r)+(1/p−1/q),
1 < p, q <∞, where
K(x) =
∞∑
k=1
exp (−µkr) cos kx.
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Hence Tn is not optimal if 2 ≤ p, q <∞ and 1 < p ≤ 2 ≤ q <∞.
Finally, in the case of analytic or entire smoothness, i.e. if r ≥ 1 we have
d2n
(
W rp , Lq
)
≍ E2n (K ∗ Up, Lq) ≍ exp (−µn
r) .
This means the the sequence of subspaces Tn is optimal for K ∗ Up in Lq for any
1 < p, q <∞. See [5] for more information.
2. The results
In this section we prove the following statement.
Theorem 1. Let λk = k
−(1/p−1/q)
+ (ln k)−γ , γ > 0, 1 < p, q < ∞, then the
sequence of subspaces Tn is optimal in the sense of order as n→∞.
Proof Let λk = k
−(1/p−1/q)
+ (ln k)−γ , γ > 0, 1 < p, q <∞. Using results from
[4, 1] it is possible to show that
dn (ΛUp, Lq) ≤ En (K ∗ Up, Lq)≪ (ln k)
−γ , 1 < p < q <∞.
We turn to the lower bounds now. Clearly,
dn (ΛUp, Lq) ≥ dn (ΛUp ∩ Tm, Lq)
and
dn (ΛUp ∩ Tm, Lq) ≥ C
−1
q dn (ΛUp ∩ Tm, Lq ∩ Tm)
since ‖Sm : Lq → Lq ∩ Tm‖ ≤ Cq, 1 < q <∞, where Sm is the operator of orthog-
onal projection onto Tm. Finally, applying Marcinkiewicz-Zygmund inequality
C1,p ‖tm‖p ≤
(
m−1
2m+1∑
k=1
∣∣∣∣tn
(
2pik
2m+ 1
)∣∣∣∣
p
)1/p
≤ C2,p ‖tm‖p , ∀tm ∈ Tm
we get
dn (ΛUp, Lq)≫ (lnm)
−γ dn
(
Bmp , l
m
q
)
,
where the norm in lmq , 1 ≤ q ≤ ∞ is defined as usual, ‖v‖ := (
∑m
k=1 |vk|
q)
1/q
and
Bmp is the unit ball in l
m
p . We will need the following result [2, 3]
C1 (p, q) ≤
dn
(
Bmp , l
m
q
)
Φ (m,n, p, q)
≤ C2 (p, q)
for any m > n, where
Φ (m,n, p, q) :=
(
min
{
1,m1/qn−1/2
})(1/p−1/q)/(1/2−1/q)
,
if 2 ≤ p < q ≤ ∞ and
Φ (m,n, p, q) := max
{
m1/q−1/p,min
{
1,m1/qn−1/2
}
(1− n/m)
1/2
}
if 1 ≤ p < 2 ≤ q ≤ ∞. Let 2 ≤ p < q ≤ ∞ then
dn (ΛUp, Lq)≫ (lnm)
−γ
dn
(
Bmp , l
m
q
)
≫ (lnm)−γ
(
min
{
1,m1/qn−1/2
})(1/p−1/q)/(1/2−1/q)
.
Let m = nq/2 then
dn (ΛUp, Lq)≫ (lnm)
−γ
≫ (lnn)
−γ
.
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If 1 < p < 2 ≤ q <∞ then
dn (ΛUp, Lq)≫ (lnm)
−γ
(
min
{
1,m1/qn−1/2
})(1/p−1/q)/(1/2−1/q)
≫ (lnm)
−γ
.
Hence the trigonometric system is an optimal in the logarithmic neighbourhood of
embedding of Lp into Lq.
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